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Abstract
We investigate all the four-body graviton interaction processes: gX → γX,
gX → gX, and gg → gg with X as an elementary particle of spin less than
two in the context of linearized gravity except the spin-3/2 case. We show
explicitly that gravitational gauge invariance and Lorentz invariance cause ev-
ery four-body graviton scattering amplitude to be factorized. We explore the
implications of this factorization property by investigating polarization effects
through the covariant density matrix formalism in each four-body graviton
scattering process.
PACS number(s) : 04.60.+n, 12.25.+e, 13.88.+e
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I. INTRODUCTION
Among the four fundamental interactions in nature, the gravitational interaction has not
yet been successfully quantized. But the challenge of combining the quantum principle with
the elegant theory of general relativity, based on general covariance, has been made cease-
lessly. While the very small gravitational coupling constant might reduce the importance
of theoretical and experimental investigation of quantum gravity, gravity becomes as strong
as the other forces near the Planck scale, and it is believed to be crucial in a consistent
description of the birth of the Universe according to the Big Bang senario. Furthermore,
the successful unification of electromagnetic and weak interactions in the standard model
makes unavoidable the thought that further unifications might be realized for all other fun-
damental interactions. Recent developments of supergravity [1] and superstring theories [2]
were inspired by the hope of constructing a consistent unified quantum theory including
gravity. In all cases, any common aspect of gravity and other interactions is very much
worth exploring.
It has been established by several people [3] that the Fierz-Pauli theory of a massless
spin-2 particle in the Minkowski flat space-time is inconsistent when coupled to matter and
the only consistent theory in the low frequency domain is Einstein’s general relativity. In the
light of this aspect, we use Einstein’s general relativity as a correct effective gravitational
theory at low energies compared to the Planck scale. Since we are interested mainly in
the weak field limit, we perform the weak field expansion to get the linearized gravitational
Lagrangian. After the expansion, ordinary quantum field theoretical methods are applied to
the linearized gravity to obtain the graviton-graviton and graviton-matter vertices. Several
graviton interaction processes have been studied previously [4,5,6,7] in this framework.
The formidable complexity in vertices with more than three gravitons might render
conventional Feynman diagram techniques very much inefficient. Recently we have shown,
however, that all the tree-level transition amplitudes of ge→ γe [8], elastic graviton-scalar,
graviton-electron, graviton-photon, and graviton-graviton scattering processes [9,10], are
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completely factorized into a simple form composed of a kinematic factor, QED-like Compton
scattering form, and another gauge invariant terms. The factorization property can be used
as a powerful tool to investigate the gravitational interactions and the polarization effects.
The factorization property in the linearized gravity corresponds to a well-known fact in the
standard field theory [11,12,13,14] that gauge symmetry and Lorentz invariance enable all the
lowest-order ampilitudes of four-particle interactions with an external massless gauge boson
to be always factorized into one factor depending on the charge or the internal symmetry
indices and the other depending on the spin or polarization indices. A natural question is
whether all the four-body graviton interactions exhibit the same factorization property or
not.
In this paper, we investigate in a more extensive way the four-body graviton interactions
like gX → γX and gX → gX in the context of linearized gravity, where X is any kind of
particles with spin less than 2 or graviton itself. Even though we do not consider the spin-
3/2 case in the present work, we considerably extend our previous works [8,9,10] to show
the presence of the factorization property in the four-body graviton interactions including
the case with a massive vector boson W for X. In addition, we investigate the polarization
effects to explore the implications of the factorization property.
The paper is organized as follows. In Sec. II, we describe in detail the derivation of the
gravitational Lagrangian for the graviton scattering process with matter, including graviton
itself, and present its expanded form through the Gupta procedure [4] in the weak field limit.
Factorization in the linearized gravity is explained in analogy with that of the standard
gauge field theories in Sec. III. Sec. IV is devoted to investigating polarization effects in
these graviton scattering processes and to exploring the implications from the factorization
property to the polarization effects. A brief summary and discussion are given in Sec. V.
Every Feynman rule needed in the present work is listed in the Appendix.
3
II. INTERACTION LAGRANGIAN
In this section, we describe a general procedure to derive the gravitational Lagrangian for
a graviton scattering with a massive scalar, a massive fermion and a massive vector boson
in the presence of the electromagnetic field. Without loss of generality it can be assumed
that all the massive particles have the same mass denoted by m.
The natural starting point for the derivation is the standard QED Lagrangian in the
absence of gravity:
LQED = (Dµφ)∗(Dµφ)−m2(φ∗φ) + iψ¯γµDµψ −mψ¯ψ
−1
2
(DµWν −DνWµ)∗(DµW ν −DνW µ) +m2W ∗µW µ
−ieW ∗µWνF µν −
1
4
F µνFµν , (2.1)
where φ is a scalar field, ψ is a fermion field, W is a vector boson field, and A is a photon
field, with which the field strength Fµν and the covariant derivative Dµ are defined as
Fµν = ∂µAν − ∂νAµ, Dµ = ∂µ + ieAµ. (2.2)
The gravitational Lagrangian L is then obtained by making the QED Lagrangian in a
general covariant form. To begin with, we write down the general covariant gravitational
Lagrangian without any detailed description of derivation,
L = Lg + Lgs(A) + Lgf(A) + LgW (A) + LgA, (2.3)
Lg = 2κ−2
√−gR, (2.4)
Lgs(A) =
√−g[gµν(Dµφ)∗(Dνφ)−m2φ∗φ], (2.5)
Lgf(A) =
√−g
[
i
2
(
ψ¯γµ(~∇µ − ieAµ)ψ − ψ¯(
←∇µ +ieAµ)γµψ
)
−mψ¯ψ
]
, (2.6)
LgW (A) = −1
2
√−ggµνgαβ(DµWα −DαWµ)∗(DνWβ −DβWν)
+
√−ggµνm2W ∗µWν − ie
√−ggµνgαβW ∗µWαFνβ, (2.7)
LgA = −1
4
√−ggµνgαβFµαFνβ , (2.8)
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where κ =
√
32GN with the Newtonian constant GN . For the sake of discussion, the
gravitational Lagrangian L has been separated into five parts, each of which describes an
independent process under consideration. The Lagrangian Lg describes pure gravitational
interactions. Lgs(A), Lgf(A) and LgW (A) are for gravitational interactions of a massive
scalar s, a massive fermion f , and a massive vector boson W in the presence of the elec-
tromagnetic field, respectively. The final Lagrangian LgA is for gravitational interactions of
the electromagnetic field.
Now let us describe in detail the derivation procedure of the gravitational Lagrangian L
in the weak field limit and expand the Lagrangian around the flat Minkowski space to get
necessary interaction terms. The flat space expansion of Eq. (2.3) usually can be carried out
by the Gupta procedure [4]. In the procedure one introduces a symmetric tensor field hµν
denoting the deviation of the metric tensor gµν from the flat space Minkowski metric tensor
ηµν=(+,−,−,−):
gµν = ηµν + κhµν . (2.9)
After the expansion any curved space geometrical object is expressed as an infinite series in
terms of hµν . For the present work, however, only the terms up to O(h
3) are needed and
therefore every expanded Lagrangian will be presented including the terms up to that order.
It is convenient to expand at first the contravariant metric tensor gµν and the Affine
connection Γλµν , whose expanded forms are given up to O(h
3) by
gµν = ηµν − κhµν + κ2hµλhνλ − κ3hµλhλαhαν , (2.10)
g ≡ det(gµν)
= −1− κh + 1
2
κ2(hµρh
ρ
µ − h2) +
1
6
κ3(−2hµρhργhγµ + 3hhµρhρµ − h3), (2.11)
√−g = 1 + κ
2
h +
κ2
8
(h2 − 2hµρhρµ) +
κ3
48
(h3 − 6hhµρhρµ + 8hµρhργhγµ), (2.12)
Γλµν ≡ 1
2
gλσ(∂µgσν + ∂νgσµ − ∂σgµν)
=
1
2
κ(ηλσ − κhλσ + κ2hλαhσα)(∂µhσν + ∂νhσµ − ∂σhµν), (2.13)
with the definition h = hµµ.
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Let us now consider the Lagrangian Lg for pure gravitational interactions. The scalar
curvature in Eq. (2.4) is defined in terms of the Affine connection Γλµν as follows,
R = gµν
[
∂νΓ
λ
µλ − ∂λΓλµν + Γτ µλΓλτν − Γτ µνΓλτλ
]
. (2.14)
Taking the de Donder gauge ∂αh
α
µ =
1
2
∂µh, the Lagrangian Lg can be expanded [15,16]
around the flat Minkowski space and then reduced to the form:
Lg = L0g + κL1g + κ2L2g + · · · , (2.15)
L0g = −
1
4
∂µh∂
µh+
1
2
∂µh
σν∂µhσν , (2.16)
L1g =
1
2
hαβ∂
µhβα∂µh−
1
2
hαβ∂αh
µ
ν∂
βhνµ − hαβ∂µhνα∂µhβν
+
1
4
h∂βhµν∂βh
ν
µ + h
β
µ∂νh
α
β∂
µhνα −
1
8
h∂νh∂νh, (2.17)
L2g =
1
16
h2∂µh
αβ∂µhαβ + h
λ
µh
ν
β∂λh
αβ∂µhαν − 1
8
hµνhµν∂λh
αβ∂λhαβ
−2hλνhµν∂λhαβ∂αhµβ +
1
2
hhλµ∂λh
αβ∂αh
µ
β −
1
2
hhµβ∂λh
αβ∂λhαµ
+hνβh
µ
ν∂λh
αβ∂λhαµ − 1
2
hαβh
µν∂λh
αβ∂λhµν +
1
2
hµαh
ν
β∂λh
αβ∂λhµν
−1
4
hhλµ∂λh
αβ∂µhαβ +
1
2
hλνhµν∂λh
αβ∂µhαβ − hλβhνµ∂λhαβ∂µhαν
+
1
4
hhµβ∂λh∂
λhβµ −
1
2
hµνhνβ∂λh∂
λhβµ +
1
2
hµνhνβ∂λh∂
βhλµ
−1
4
hµνhµν∂λh
αβ∂αh
λ
β −
1
32
h2∂λh∂
λh +
1
8
hµνhµν∂λh∂
λh. (2.18)
We emphasize that L1g and L2g have been proved to be of the most compact form by a
computer program [17]. While the difference is only a total derivative, the Lagrangian
(2.15) is much simpler than that of Refs. [15,16]. The gravitational Lagrangian Lgs(A) of a
scalar in the presence of the electromagnetic field can be similarly expanded:
Lgs(A) = L0gs + κL1gs + κ2L2gs + · · · , (2.19)
L0gs = (Dµφ)∗(Dµφ)−m2(φ∗φ), (2.20)
L1gs =
1
2
hL0gs − hµν(Dµφ)∗(Dνφ), (2.21)
L2gs =
1
8
(h2 − 2hαβhαβ)L0gs + (hµαhαν −
1
2
hhµν)(Dµφ)
∗(Dνφ). (2.22)
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Let us now consider the gravitational Lagrangian of a fermion. In the absence of gravity
a free fermion is described by the Lagrangian
Lf = i
2
[
ψ¯γµ∂µψ − ∂µψ¯γµψ
]
−mψ¯ψ. (2.23)
Incidentally, the fermionic Lagrangian Lf deserves a special treatment when it is converted
into a general covariant form. Mathematically, this is because the tensor representations of
the GL(4) of general linear 4×4 matrices behave like tensors under the subgroup of Lorentz
transformations, but there is no representation of GL(4), or even representations up to a
sign, which behaves like spinor under the Lorentz subgroup. One approach to incorporate
spinors into general relativity is the tetrad formalism [18], which will be briefly described
below.
The formalism utilizes the fact that the equivalence principle guarantees the introduction
of a locally inertial coordinate system ymP at each space-time point P . In the case, the metric
tensor gµν is expressed as
gµν(x) = ηmne
m
µ (x)e
n
ν (x), (2.24)
where the tetrad or vierbein emµ (x) is defined as a coordinate derivative of y
m
P as
emµ (x) ≡
[
∂ymP (x)
∂xµ
]
x=P
. (2.25)
For the sake of discussion a different type of vierbeins eνn is introduced with m index lowered
to n with the Minkowski metric tensor ηmn and also with µ index uppered to ν with the
metric tensor gµν ;
eνn ≡ ηmngµνemµ (x). (2.26)
Eq. (2.24) shows that the vierbein eµm is nothing but the inverse of the vierbein e
m
µ such
that
δµν = e
µ
me
m
ν , δ
m
n = e
m
µ e
µ
n. (2.27)
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Another requirement from the equivalence principle is that the special relativity should
apply in locally inertial frames, i.e., should preserve Lorentz invariance locally. As a way to
accomplish the requirement a new covariant derivative is introduced;
∇m ≡ eµm(∂µ + iwµ). (2.28)
Then the locally Lorentz invariant gravitational Lagrangian of a fermion is obtained as
Lgf = i
2
ψ¯γpeµp (∂µ + iwµ)ψ + h.c.−mψ¯ψ, (2.29)
where the field connection wµ(x) is expressed in terms of vierbeins as
wµ(x) =
1
4
σmn
[
eνm(∂µenν − ∂νenµ) +
1
2
eρme
σ
n(∂σelρ − ∂ρelσ)elµ − (m↔ n)
]
, (2.30)
with σmn = i[γm, γn]/2 with the Dirac matrices γm. It can be now shown that the general
covariant and U(1)EM-invariant Lagrangian Lf(A) of a fermion is
Lgf(A) =
√−g
[
i
2
{
ψ¯γµ(~∇µ − ieAµ)ψ − ψ¯(
←∇µ +ieAµ)γµψ
}
−mψ¯ψ
]
, (2.31)
with the notations
γµ = γpeµp ,
~∇µψ = ∂µψ + iwµψ, ψ¯
←∇µ = ∂µψ¯ − iψ¯wµ. (2.32)
In order to expand the Lagrangian around the flat Minkowski space we first need to expand
the vierbein emµ [19], which is given by
emµ = δ
m
µ +
κ
2
hmµ −
κ2
8
hmν δ
ν
nh
n
µ +O(κ
3). (2.33)
The resulting Lagrangian Lgf(A) [7] is of the following form;
Lgf(A) = L0gf + eψ¯γµψAµ + κL1gf +
1
2
κe(hααηµν − hµν)ψ¯γµψAν + κ2L2gf + · · · , (2.34)
L0gf =
i
2
[ψ¯γµ∂µψ − ∂µψ¯γµψ]−mψ¯ψ, (2.35)
L1gf =
1
2
hL0gf −
i
4
hµν [ψ¯γ
µ∂νψ − ∂νψ¯γµψ], (2.36)
L2gf =
1
8
(h2 − 2hαβhβα)L0gf +
i
16
(3hανhµα − 2hhνµ(ψ¯γµ∂νψ − ∂νψ¯γµψ)
+
i
16
[hνα∂
αhµν − hµν∂αhνα](ψ¯γµψ) +
i
32
[hτα∂µhνα − hνα∂µhτα](ψ¯γµγνγτψ), (2.37)
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where γµ are the ordinary Dirac matrices and from now on every Greek index refers to the
flat Minkowskian space-time.
As in the scalar case, it is also possible to derive and expand the gravitational Lagrangian
for a vector boson in the presence of the electromagnetic field;
LgW (A) = L0gW + κL1gW + κ2L2gW · · · , (2.38)
L0gW = −
1
2
(DµWν −DνWµ)∗(DµW ν −DνW µ) +m2W ∗µW µ − ieW ∗µWνF µν , (2.39)
L1gW = hµν
[
(DµWα −DαWµ)∗(DνW α −DαWν)−m2W ∗µWν
]
+
1
2
hL0gW + ie[ηµνhαβ + ηαβhµν ]W ∗µWαFνβ, (2.40)
L2gW =
1
8
(h2 − 2hµνhµν)L0gW
+
1
2
(hhαρ − 2hαλhλρ)
[
ηβσ(DαWβ −DβWα)∗(DρWσ −DσWρ)−m2W ∗αWρ
]
−hµνhαβ
[
1
2
(DµWα −DαWµ)∗(DνWβ −DβWν) + ieW ∗µWαFνβ
]
−ie
[
ηµν(hαλhβλ −
1
2
hhαβ) + ηαβ(hµλhνλ −
1
2
hhµν)
]
W ∗µWαFνβ . (2.41)
Finally, the gravitational Lagrangian of the electromagnetic field is shown to be expanded
as
LgA = L0gA + κL1gA + κ2L2gA + · · · , (2.42)
L0gA = −
1
4
F µνFµν , (2.43)
L1gA =
1
2
hτνF
µνFµτ +
1
2
hL0gA, (2.44)
L2gA =
1
8
(h2 − 2hνµhµν )L0gA
+
1
4
FαβFρσ
[
hhαρηβσ − 2hαµhµρηβσ − hαρhβσ
]
. (2.45)
To summarize, we have described in detail how to derive the general covariant Lagrangian
for gravitational interactions with a scalar, a fermion and a vector boson in the presence of
the electromagnetic field. Then we have expanded the Lagrangian around the flat Minkowski
space through the Gupta procedure. The expanded Lagrangian is not only Lorentz invariant
at any order of h but also invariant under the transformation;
9
hµν → hµν + ∂µXν + ∂νXµ, (2.46)
with an arbitrary non-singular function Xµ. The latter invariance will be called gravitational
gauge invariance in the present work. It is now rather straightforward to obtain all the
Feynman rules of propagators and vertices up to O(κ2). We present all the Feynman rules
needed in the present work in the Appendix.
III. FACTORIZATION
In the standard gauge theory every four-body Born amplitude with a massless gauge
boson as an external particle has been well known to be factorizable [11,12,13,14] into one
factor which depends only on charge or other internal-symmetry indices and the other factor
which depends on spin or polarization indices.
In this section we show that gravitational gauge invariance and Lorentz invariance in the
linearized gravity force all the transition amplitudes of four-body graviton interactions to
be factorized as well.
First of all let us explain factorization in a (non-)Abelian gauge theory following the
procedure by Ref. [12]. The crucial point is that any amplitude with an incoming gauge
boson is always arranged as a sum of terms of which each one consists of three distinctive
parts - a charge factor Ai, a polarization-dependent part Bi, and a propagator Ci,
M =
N∑
i=1
AiBi
Ci
. (3.1)
Then each group factor is summed up to vanish;
N∑
i=1
Ai =
N∑
i=1
Bi =
N∑
i=1
Ci = 0, (3.2)
due to charge conservation (gauge invariance), energy-momentum conservation (Lorentz
invariance)
N∑
i=1
δipi = k, (3.3)
10
and transversality (k · ǫ = 0), where ǫµ and kµ are the polarization vector and 4-momentum
of the massless gauge boson, respectively, and δi = 1(−1) is for an outgoing (incoming)
particle. Every amplitude M for N = 3 is then written in a factorized form as
M = −C1C2
C3
(
A1
C1
− A2
C2
)(
B1
C1
− B2
C2
)
, (3.4)
or in equivalent forms with the indices (1,2,3) permuted. It is now clear that the expression
(3.4) exhibits factorization of the transition amplitude into a charge-dependent part and a
polarization-dependent part.
As an example, let us consider the gluon-gluon elastic scattering process GaGc → GbGd
where the superscripts denotes color indces. The factorization theorem enables the transiton
amplitude to be factorized as [12,13]
M
(
GaGc → GbGd
)
=
(
αs
α
)
(p1 · k1)(p1 · k2)
k1 · k2
[
facef bde
p1 · k1 −
fadef bce
p1 · k2
]
Mγv, (3.5)
where k1(p1) are 4-momenta of the incident gluon G
a(Gc), k2(p2) are 4-momenta of the final
gluon Gb(Gd), and v stands for a massless vector boson with a positive electric charge. Here,
fabc are the structure constants of the SU(3) color-gauge group. The amplitudeMγv, which
is of the same form as the Compton scattering amplitude of a charged massless vector boson,
is given by
Mγv = e2
[
B1
C1
− B2
C2
]
, (3.6)
where
B1 = −ǫµ1 ǫ∗ν2 εα1 (p1)ε∗β2 (p2)[Cµαδ(k1, p1,−q1)Cνβδ(−k2,−p2, q1) + 2p1 · k1(ηµνηαβ − ηµβηνα)],
B2 = ǫ
µ
1ǫ
∗ν
2 ε
α
1 (p1)ε
∗β
2 (p2)[Cµβδ(k1,−p2, q2)Cναδ(−k2, p1,−q2)− 2p1 · k2(ηµνηαβ − ηµαηνβ)],
B3 = ǫ
µ
1ǫ
∗ν
2 ε
α
1 (p1)ε
∗β
2 (p2)[Cµνδ(k1,−k2,−q3)Cαβδ(p1,−p2, q3)− 2k1 · k2(ηµαηνβ − ηµβηνα)],
(3.7)
C1 = 2(p1 · k1), C2 = −2(p1 · k2), C3 = −2(k1 · k2), (3.8)
with the definition
11
Cλµν(p, q, r) = (p− q)νηλµ + (q − r)ληµν + (r − p)µηνλ. (3.9)
The transfered momenta q1, q2, and q3 are given in terms of external momenta by
q1 = p1 + k1, g2 = p1 − k2, q3 = k1 − k2. (3.10)
It is a simple matter to determine the Ai factors for the process G
aGc → GbGd by the use
of the Jacobi identity of the structure functions;
A1 = f
acefdbe, A2 = f
adef bce, A3 = f
abef cde. (3.11)
We emphasize that the factorization in an ordinary gauge field theory stems from guage
invariance and Lorentz invariance of the theory. Since the linearized gravity is gravitational
guage invariant as well as Lorentz invariant, it is expected to have a similar factorization
property in the linearized gravity. In the present work we show explicitly that every am-
plitude of a graviton scattering with a scalar, a fermion, a vector boson or a graviton itself
indeed exhibits such a remarkable factorization.
In order to prove factorization in the linearized gravity, we first note that gravitational
guage invaiance guarantees the decomposition [20] of a graviton wave tensor ǫµν(2λ) into a
multiplication of two spin-1 wave vectors,
ǫµν(2λ) = ǫµ(λ)ǫν(λ), (3.12)
where the wave vector ǫµ(λ) satisfies
k · ǫ(λ) = 0, ǫ(λ) · ǫ(λ′) = −δλ,−λ′ , (3.13)
so that the wave tensor ǫµν(2λ) satisfies
kµǫ
µν(2λ) = ǫµν(2λ)kν = 0, ǫ
µ
µ(2λ) = 0, (3.14)
with the graviton 4-momentum k.
In order to show clearly the common features of four-body graviton processes, we organize
the presentation of our results in the following. First, we introduce X as a generic notation
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for a scalar s, a fermion f , or a vector boson W . Second, the ki (i = 1, 2) are for the
4-momenta of the incident g and the final g(γ) in the process gX → g(γ)X, and pi (i = 1, 2)
for the 4-momenta of the initial X and the final X, respectively. We note that there are four
Feynman diagrams for every process (see Figs. 2 and 3). The last diagram in each figure set
is a so-called contact term, which can be always absorbed into the other parts. We present
only the results after absorbing the contact term and rearranging the amplitude according
to the factorization theorem. Finally, we mention that all the processes under consideration
have the same set of the kinematical factors Ci, denoting the s, t, and u channel momentum
transfers,
C1 = 2(p1 · k1), C2 = −2(p1 · k2), C3 = −2(k1 · k2), (3.15)
which are the same as Eq. (3.8). For simplicity, we will no longer write down this kinematical
set in the following.
A. Graviton conversion into a photon
In this subsection, we consider the process of a graviton scattering off a particle X for
the photon production, where X can be a scalar s, a fermion f , or a vector boson W . The
graviton conversion into a photon can be considered as a means [21] to detect a gravitational
wave. As mentioned before, k1 and ǫ1 are the incident graviton momentum and a wave vector
for the graviton wave tensor, while k2 and ǫ2 are the final photon momentum and the photon
wave vector, repectively. p1(p2) denote the 4-momentum of the incident(final) X particle.
1. gs→ γs
The simplest nontrivial process is the graviton scattering off a scalar particle for a photon
production gs → γs. The process is of order e and κ in both the gravitational and the
electromagnetic interactions and therefore the relevant Lagrangian consists of four parts as
LγsI = L0gs(A) + κL1gs(A) + L0gA + κL1gA. (3.16)
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The Feynman diagrams are shown in Fig. 2, where the solid line is for the scalar particle.
After absorbing the contact term denoted by the last diagram, we obtain the resulting
transition amplitude for the process gs→ γs devided into three parts;
Mgs→γs =Mγsa +Mγsb +Mγsc , (3.17)
Mγsa = eκ
(p1 · ǫ1)
2(q21 −m2)
[
(q21 −m2)(ǫ1 · ǫ∗2)− 4(p2 · ǫ∗2)(p1 · ǫ1)
]
, (3.18)
Mγsb = eκ
(p2 · ǫ1)
2(q22 −m2)
[
(q22 −m2)(ǫ1 · ǫ∗2)− 4(p2 · ǫ1)(p1 · ǫ∗2)
]
, (3.19)
Mγsc = eκ
(k2 · ǫ1)
2q23
[
(q21 − q22)(ǫ1 · ǫ∗2) + 4(p2 · ǫ1)(p1 · ǫ∗2)− 4(p2 · ǫ∗2)(p1 · ǫ1)
]
. (3.20)
After extracting the kinematical factors Ci, it is straightforward to determine A
γs
i and B
γs
i
(i = 1, 2, 3) as
Aγs1 = eκ(ǫ1 · p1), Aγs2 = −eκ(ǫ1 · p2), Aγs3 = −eκ(ǫ1 · k2), (3.21)
Bγs1 = (p1 · k1)(ǫ1 · ǫ∗2)− 2(p2 · ǫ∗2)(p1 · ǫ1),
Bγs2 = (p2 · k1)(ǫ1 · ǫ∗2) + 2(p2 · ǫ1)(p1 · ǫ∗2),
Bγs3 = −[(p2 + p1) · k1](ǫ1 · ǫ∗2)− 2(p2 · ǫ1)(p1 · ǫ∗2) + 2(p2 · ǫ∗2)(p1 · ǫ1). (3.22)
The transition amplitude is reduced to the factorized form
Mgs→γs = −eκF
[
ǫ1 · p1
p1 · k1 −
ǫ1 · p2
p1 · k2
] [
(ǫ1 · ǫ∗2)−
(ǫ1 · p1)(ǫ∗2 · p2)
p1 · k1 +
(ǫ1 · p2)(ǫ∗2 · p1)
p1 · k2
]
, (3.23)
where ǫµ1 and ǫ
µ
2 are two wave vectors for a graviton and a photon, respectively. Here, the
overall kinematical factor F is
F =
(p1 · k1)(p1 · k2)
(k1 · k2) . (3.24)
We note that the last factor is of the same form as the scalar-Compton scattering amplitude.
Before proceeding further, let us note here that the introduction of a manifestly gauge
invariant four-vector ǫ˜i (i = 1, 2);
ǫ˜i = ǫi − (p1 ·ǫi)
(p1 ·ki)ki, (3.25)
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renders the expression of the scalar Compton scattering amplitude Mγs greatly simplified;
Mγs = 2e2(ǫ˜1 · ǫ˜∗2). (3.26)
Along with this simplification, gravitational gauge invariance and graviton transversality
render the transition amplitude Mgs→γs completely factorized into a quite simple form;
Mgs→γs = κ
2e
F
(
p2 · ǫ˜1
p2 · k1
)
[Mγs] . (3.27)
2. gf → γf
The next simplest case is the process gf → γf with a graviton in place of the incident
photon in the ordinary fermion-Compton scattering process. The relevant Lagrangian for
the process gf → γf is composed of four parts;
LγfI = L0gf(A) + κL1gf (A) + L0gA + κL1gA. (3.28)
The Feynman diagrams for the process can be drawn in the same way as for the process
gs → γs. The only difference is that in the present case the solid line in Fig. 2 is for a
fermion. After absorbing the contact term denoted by the last diagram in Fig. 2, we obtain
the transition amplitude Mgf→γf ;
Mgf→γf =Mγfa +Mγfb +Mγfc , (3.29)
Mγfa = −
eκ
2
(ǫ1 · p1)
(q21 −m2)
u¯(p2, s2) [6ǫ∗2( 6q1 +m) 6ǫ1] u(p1, s1), (3.30)
Mγfb = −
eκ
2
(ǫ1 · p2)
(q22 −m2)
u¯(p2, s2) [6ǫ1( 6q2 +m) 6ǫ∗2] u(p1, s1), (3.31)
Mγfc =
eκ
q23
(k2 · ǫ1)u¯(p2, s2)[(ǫ1 · ǫ∗2) 6k2 − (ǫ1 · k2) 6ǫ∗2 − (ǫ∗2 · k1) 6ǫ1]u(p1, s1). (3.32)
Now the factors Ai and Bi (i = 1, 2, 3) for the process gf → γf are
Aγfi = A
γs
i (i = 1, 2, 3), (3.33)
Bγf1 = −
1
2
u¯(p2, s2) [6ǫ2( 6q1 +m) 6ǫ1]u(p1, s1),
Bγf2 =
1
2
u¯(p2, s2) [6ǫ1( 6q2 +m) 6ǫ∗2] u(p1, s1),
Bγf3 = u¯(p2, s2) [6ǫ1(ǫ∗2 · k1)+ 6ǫ∗2(ǫ1 · k2)− (ǫ1 · ǫ2) 6k2] u(p1, s1). (3.34)
15
As mentioned before the Ci factors are the same as those for the process gs → γs. Conse-
quently we are led to the factorized transition amplitude,
Mgf→γf = κ
2e
F
(
p2 · ǫ˜1
p2 · k1
)
[Mγf ] , (3.35)
where the transition amplitudeMγf is of the same form as the standard Compton scattering
amplitude
Mγf = −e2u¯(p2, s2)
[
6ǫ∗2
1
6q1 −m 6ǫ1+ 6ǫ1
1
6q2 −m 6ǫ
∗
2
]
u(p1, s1). (3.36)
3. gW → γW
Since the process gW → γW involves three vector particles and one graviton, Feynman
rules are complicated and as a result the expression of the amplitude is complicated as well.
Without any new insight of the amplitude structure, any conventional method will require
a lot of time to calculate the cross section. This formidable algebra can be avoided by a
simple reorganization of the amplitude due to the factorization as described below.
First we write down the relevant Lagrangian for the process gW → γW , which consist
of four parts;
LγWI = L0gW (A) + κL1gW (A) + L0gA + κL1gA. (3.37)
Through the same procedure as in the process gf → γf we find
AγWi = A
γs
i (i = 1, 2, 3), (3.38)
BγW1 =
1
2
[
B1 −m2(ǫ1 · ε1)(ǫ∗2 · ε∗2)
]
,
BγW2 =
1
2
[
B2 +m
2(ǫ1 · ε∗2)(ǫ∗2 · ε1)
]
, BγW3 =
B3
2
, (3.39)
where Bi (i = 1, 2, 3) are given in Eq. (3.7). Then the amplitude reduces to the factorized
form as
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MgW→γW = −eκF
(
p2 · ǫ˜1
p2 · k1
) [
(ǫ˜1 · ǫ˜∗2)(ε˜1 ·ε˜∗2)− (k1 ·k2)
{
(ǫ˜1 ·ε˜1)(ǫ˜∗2 ·ε˜∗2)
p1 ·k1 −
(ǫ˜1 ·ε˜∗2)(ǫ˜∗2 ·ε˜1)
p1 ·k2
}
− 1
p1 ·k2{(ǫ˜
∗
2 ·ε˜1)(p2 · ǫ˜1)(k2 ·ε˜∗2) + (ǫ˜1 ·ε˜∗2)(p2 · ǫ˜∗2)(k2 ·ε˜1)
−(ǫ˜∗2 ·ε˜∗2)(p2 · ǫ˜1)(k2 ·ε˜1)}+
1
p1 ·k1 (ǫ˜1 ·ε˜1)(p2 · ǫ˜
∗
2)(k2 ·ε˜∗2)
]
, (3.40)
where p1(p2) and ε1(ε2) are the four-momentum and wave vector of the initial(final) vector
boson, respectively. The ε˜i (i = 1, 2) is a polarization vector defined in a manifestly gauge
invariant form as
ε˜i = εi − (k1 ·εi)
(k1 ·pi)pi. (3.41)
The introduction of the gauge invariant wave vector considerably simplifies the amplitude
form and direcltly justifies gauge invariance. The second bracket term of Eq. (3.40) can be
shown to be the same as the Compton scattering amplitude of a charged vector boson given
by
MγW = −2e2
[
(ǫ˜1 · ǫ˜∗2)(ε˜1 ·ε˜∗2)− (k1 ·k2)
{
(ǫ˜1 ·ε˜1)(ǫ˜∗2 ·ε˜∗2)
p1 ·k1 −
(ǫ˜1 ·ε˜∗2)(ǫ˜∗2 ·ε˜1)
p1 ·k2
}
− 1
p1 ·k2{(ǫ˜
∗
2 ·ε˜1)(p2 · ǫ˜1)(k2 ·ε˜∗2) + (ǫ˜1 ·ε˜∗2)(p2 · ǫ˜∗2)(k2 ·ε˜1)
−(ǫ˜2 ·ε˜∗2)(p2 · ǫ˜1)(k2 ·ε˜1)}+
1
p1 ·k1 (ǫ˜1 ·ε˜1)(p2 · ǫ˜
∗
2)(k2 ·ε˜∗2)
]
. (3.42)
Consequently, the amplitude MgW→γW is expressed in a factorized form as
MgW→γW = κ
2e
F
(
p2 · ǫ˜1
p2 · k1
)
[MγW ] . (3.43)
B. Gravitational Compton scattering
In this subsection we investigate the factorization property of the gravitational elastic
processes gX → gX for X = s, f , or W . The Feynman diagrams for these processes are
shown in Fig. 3, where the solid line is for X. Through this subsection the k1(k2) denote 4-
momenta of the incident(final) graviton and p1(p2) denote 4-momenta of the incident(final)
X particle.
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1. gs→ gs
The relevant Lagrangian of the process gs→ gs consists of five parts;
LgsI = L0g + κL1g + L0gs + κL1gs + κ2L2gs. (3.44)
The transition amplitude after absorbing the contact term denoted by the last diagram in
Fig. 3 becomes
Mgs =Mgsa +Mgsb +Mgsc , (3.45)
Mgsa = −
κ2
4
1
(q21 −m2)
[
p1 · k1(ǫ1 · ǫ∗2)− 2(p2 · ǫ∗2)(p1 · ǫ1)
]2
, (3.46)
Mgsb = −
κ2
4
1
(q22 −m2)
[
p2 · k1(ǫ1 · ǫ∗2) + 2(p2 · ǫ1)(p1 · ǫ∗2)
]2
, (3.47)
Mgsc = −
κ2
4
1
q23
[
[(p2 + p1) · k1](ǫ1 · ǫ∗2) + 2(p2 · ǫ1)(p1 · ǫ∗2)− 2(p2 · ǫ∗2)(p1 · ǫ1)
]2
. (3.48)
It is now straightforward to determine the corresponding factors Agsi and B
gs
i with the same
Cgsi (i = 1, 2, 3) as in Eq. (3.8);
Agsi = κ
2Bγsi , B
gs
i = −
Bγsi
4
(i = 1, 2, 3). (3.49)
Consequently we obtain the factorized transition amplitude as
Mgs = κ
2
8e4
F [Mγs]2. (3.50)
Note that the resulting amplitude is exactly the square of the standard scalar-Compoton
scattering amplitude.
2. gf → gf
The relevant Lagrangian for the process gf → gf is made up of five parts;
LgfI = L0g + κL1g + L0gf + κL1gf + κ2L2gf . (3.51)
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The transition amplitude Mgf for the process in Fig. 3 is reorganized after absorbing the
contact term into other three parts as
Mgf =Mgfa +Mgfb +Mgfc , (3.52)
Mgfa =
κ2
8(q21 −m2)
[2(ǫ1 · p1)(ǫ∗2 · p2)− (ǫ1 · ǫ∗2)(p1 · k1)]
× [u¯(p2, s2) [6ǫ∗2( 6q1 +m) 6ǫ1]u(p1, s1)] , (3.53)
Mgfb =
κ2
8(q22 −m2)
[2(ǫ1 · p2)(ǫ∗2 · p1) + (ǫ1 · ǫ∗2)(p1 · k2)]
× [u¯(p2, s2) [6ǫ1( 6q2 +m) 6ǫ2]u(p1, s1)] ,
Mgfc = −
κ2
4q23
[2(ǫ1 · p2)(ǫ∗2 · p1)− 2(ǫ1 · p1)(ǫ∗2 · p2) + (ǫ1 · ǫ∗2)(p1 + p2) · k1)]
× [u¯(p2, s2) [6ǫ1(ǫ∗2 · k1)+ 6ǫ∗2(ǫ1 · k2)− (ǫ1 · ǫ∗2) 6k2] u(p1, s1)] . (3.54)
We obtain the factors Agfi and B
gf
i (i = 1, 2, 3) as
Agfi = κ
2Bγsi , B
gf
i =
Bγf
4
(i = 1, 2, 3). (3.55)
As a result the transition amplitude is reduced to the factorized form;
Mgf = κ
2
8e4
F [Mγs] [Mγf ] , (3.56)
where the expressions of Mγs and Mγf are given in Eq. (3.26) and Eq. (3.36), respec-
tively. Note that the transition amplitude of graviton-fermion scattering is factorized into
the transition amplitude of scalar-Compton scattering amplitude and the fermion-Compton
scattering amplitude.
3. gW → gW
The relevant Lagrangian for the process gW → gW is composed of five parts up to
O(κ2);
LgWI = L0g + κL1g + L0gW + κL1gW + κ2L2gW . (3.57)
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The amplitude expression of the process is so complicated that the explicit presentation will
be omitted. Instead, we write down just the factors AgWi and B
gW
i (i = 1, 2, 3) given by the
realtions
AgWi = −κ2Bγsi , BgWi =
BγWi
4
. (3.58)
It is now clear that the amplitude of graviton scattering with a vector boson can be written
in a factorized form as
MgW = κ
2
8e4
F [Mγs] [MγW ] , (3.59)
where Mγs and MγW are the same as Eq. (3.26) and Eq. (3.42), respectively.
C. Graviton-graviton elastic scattering
The process gg → gg is a pure gravitational process of order of κ2. The relevant La-
grangian for the process gg → gg is made up of three terms as
LggI = L0g + κL1g + κ2L2g. (3.60)
As in other cases, after absorbing the contact term denoted by the last diagram in Fig. 4,
we obtain the factors Aggi , B
gg
i and C
gg
i for the process gg → gg as follows
AgWi = −κ2Bi, BgWi =
Bi
16
(i = 1, 2, 3). (3.61)
Likewise, the transition amplitude of graviton-graviton scattering [22] is factorized as
Mgg = κ
2
8e4
F [Mγv]2 . (3.62)
Here, p1(p2) and ε
µ
1(ε
µ
2) are the four-momentum and wave vector of another initial(final)
graviton, respectively.
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D. Summary
In the present subsection, we summarize our results for the transition amplitudes ob-
tained from the factorization procedure;
(1) The transition amplitudes Mgs→γs,Mgf→γf and MgW→γW have a common factor
(
p2 · ǫ˜1
p2 · k1
)
. (3.63)
(2) The transition amplitudes Mgs→gs,Mgf→gf , and MgW→gW have as a common factor
Mγs = 2e2 (ǫ˜1 · ǫ˜∗2) . (3.64)
(3) On the other hand, the graviton-graviton scattering amplitudeMgg→gg is proportional
to the square of the amplitude Mγv.
(4) All the transition amplitudes have as a common kinematical factor
F =
(p1 · k1)(p1 · k2)
(k1 · k2) . (3.65)
(5) The other factors are exactly of the same form as the amplitudes Mγs, Mγf and
MγW except for their overall coupling constants according to the number of involved
gravitons.
(6) While the form of Eq. (3.26) is independent of the choice of ǫ˜i, the form of the photon-
vector boson scattering amplitudeMγv can be modified if the ǫ˜i and ε˜i are defined in
a different way. Nevetheless, we find that the transiton amplitude Mgg satisfies Bose
and crossing symmetries as expected from the cyclic property of the factorization. The
completely symmetric expression of the amplitude Mgg can be found in Ref. [22].
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IV. POLARIZATION
Clearly factorization will allow us to describe every 4-body graviton interaction with
a scalar, a fermion, a photon, a vector boson, or a graviton itself through well-known 4-
body photon interaction processes in the ordinary QED. One noteworthy advantage from
factorization is a simple explanation for polarization phenomena in the graviton processes.
A natural cartesian basis for a polarization vector ǫµ(λ) with a momentum k1 can be
given in terms of two arbitrary four momenta p1 and p2. For simplicity, we use k2, p1, and p2
satisfying the constraints k22 = 0 and p
2
1 = p
2
2 = m
2. Then we can choose the basis consisting
of two orthonomal four-vectors n1 and n2 such that [23,24]
nµ1 =
N
2
[
(p1 + p2)
µ − p1 · (k1 + k2)
k1 · k2 (k1 + k2)
µ
]
, nµ2 = N
ǫµναβp1νk2αk1β
k1 · k2 , (4.1)
with the conditions
ki · nj = 0, pi · n2 = 0, ni · nj = −δij (i, j = 1, 2), (4.2)
and the normalization factor N = 1/
√
2F −m2. In the basis we can introduce as a polar-
ization vector
ǫµ(λ) =
1√
2
[nµ1 + iλn2] , (4.3)
where λ = ±1 is for the right-and left-handed polarization, respectively. Note that the scalar
product (n1 · ǫ) of the polarization vector ǫµ(λ) and the four-vector n1 is independent of the
helicity value λ. Certainly one can take another set of (n′1, n
′
2) as a basis, but it is different
from the set (n1, n2) simply by a complex phase, which can be neglected without any change
in physical observables.
Factorization allows us to use the well-known polarization effects in the ordinary QED
for the investigation of polarization effects in the graviton processes. As a preliminary part,
we consider the processe γs → Y s where Y is a massless scalar. The transition amplitude
of the process γs→ Y s is
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M(γλs→ Y s) = e2ǫµ(λ)
[
p1
k1 · p1 −
p2
k1 · p2
]
µ
= − 1√
2FN
, (4.4)
where the coupling constant of the Y ss vertex is assumed to be e. Note that the amplitude
is completely independent of photon helicity λ.
One can now show that the process gX → γX with M(γs → Y s) as a factor exhibits
the same polarization property as γX → γX with X a scalar, a fermion or a vector boson.
However, the kinematical factor in the center of mass frame takes the form;
F · 1√
2FN
=
√
F − m
2
2
=
√
s
2
cot
θ
2
, θ = 6 (g, γ), (4.5)
so that it makes the angular distribution of the graviton process different from the corre-
sponding QED process. The former is more forwardly peaked than the latter. In addition,
the graviton cross section increases and might violate unitarity at very high energy due to
the
√
s factor in Eq. (4.5).
Let us now consider the elastic photon-scalar scattering process γs→ γs. The transition
amplitude is given by
M(γs→ γs) = 2e2
[
(ǫ1 · ǫ∗2)−
(p1 · ǫ1)(p2 · ǫ∗2)
p1 · k1 +
(p2 · ǫ1)(p1 · ǫ∗2)
p2 · k1
]
. (4.6)
While in general two different helicity bases are needed for two photons only one helicity
basis can be employed in the present case;
ǫµ1 (λ) = ǫ
∗µ
2 (λ) =
1√
2
(nµ1 + iλn2). (4.7)
These enable us to derive the result [25]
M (γλs→ γλ′s) = 2e2
(
δλλ′ − m
2
2F
)
. (4.8)
Despite scattering the photon helicity is preserved in the massless case.
Combined with the factorization property in the previous section, Eq. (4.8) leads to
M(gλX → gλ′X) ∝ F
(
δλλ′ − m
2
2F
)
·
[
M(γλX → γλ′X)
]
, (4.9)
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with X a scalar, a fermion, or a vector boson. The result yields an interesting fact that
in the massless case the final graviton helicity should be the same as the initial graviton
helicity irrespective of the spin configuration of matter fields.
On the other hand, the transition amplitude for the process gg → gg has neitherM(γs→
Y s) nor M(γs → γs). As a result graviton helicity in the process gg → gg might be not
preserved unlike in the processes gX → γX and gX → gX.
From now on we investigate in more detail polarization effects in the graviton scattering
processes. As shown above, the helicity formalism permits a simple and general under-
standing of the polarization effects in the graviton scattering processes. However, it is often
convenient to employ the so-called covariant polarization density matrix formalism, espe-
cially for a mixed state. In the massive case, the helicity formalism requires fixing the
reference frame and has more complicated crossing symmetries. These problems can be
avoided by the covariant density matrix formalism. In the light of these advantageous as-
pects the covariant density matrix formalism is employed in the present work to get general
information on polarization effects in arbitrary reference frame.
The polarization of a photon (or a massless spin-1 particle) beam is completely described
[24,26] in terms of the so-called Stokes parameters (STP) ξγi (i = 1, 2, 3). In the helicity
basis, ξγ2 is the degree of circular polarization and the others are degrees of linear polarization.
Because a graviton has only two helicity values, one can introduce the so-called graviton
STP ξgi (i = 1, 2, 3) [27]. Similarily, ξ
g
2 is for the degree of graviton circular polarization
and the others are for degrees of graviton linear polarization. On the whole, the photon or
graviton polarization density matrix ρV (V = γ, g) is given in the helicity basis by
ρV =
1
2

 1 + ξ
V
2 −ξV3 + iξV1
−ξV3 − iξV1 1− ξV2

 , (4.10)
and, for a given polarization density matrix, the STP are determined by the following
relations
ξV1 = −Tr(σ2ρV ), ξV2 = Tr(σ3ρV ), ξV3 = −Tr(σ1ρV ), (4.11)
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where σi (i = 1, 2, 3) are the Pauli matrices.
In the covariant density matrix formalism the photon projection operator ǫµ(λ)ǫ∗ν(λ′)
for an incident photon beam is replaced by its photon covariant density matrix
ρµνγ =
1
2
[
(nµ1n
ν
1 + n
µ
2n
ν
2)− (nµ1nν2 + nµ2nν1)ξγ1
+i(nµ2n
ν
1 − nµ1nν2)ξγ2 + (nµ2nν2 − nν1nµ1)ξγ3
]
. (4.12)
In the graviton case the covariant density matrix ρµα : νβg , which should substitute for the
graviton projection operator ǫµα(λ)ǫ∗νβ(λ′), is written in terms of the graviton STP ξgi (i =
1, 2, 3) [27] as follows
ρµα:νβ =
∑
λλ′
ǫµα(p, λ)ρλλ′ǫ
∗νβ(p, λ′)
=
1
4
{
(nµ1n
ν
1 + n
µ
2n
ν
2)(n
α
1n
β
1 + n
α
2n
β
2 )− (nµ2nν1 − nµ1nν2)(nα2nβ1 − nα1nβ2 )
−
[
(nµ2n
ν
2 − nµ1nν1)(nα2nβ2 − nα1nβ1 )− (nµ1nν2 + nµ2nν1)(nα1nβ2 + nα2nβ1 )
]
ξg3
+i
[
(nµ1n
ν
1 + n
µ
2n
ν
2)(n
α
2n
β
1 − nα1nβ2 ) + (nµ2nν1 − nµ1nν2)(nα1nβ1 + nα2nβ2 )
]
ξg2
−
[
(nµ2n
ν
2 − nµ1nν1)(nα1nβ2 + nα2nβ1 )− (nµ1nν2 + nµ2nν1)(nα2nβ2 − nα1nβ1 )
]
ξg1
}
. (4.13)
In a process with an incident graviton the transition amplitude can be written as
MI = ǫµνAµνI , (4.14)
and then the absolute square of the amplitude is given by
|MI|2 = ǫµαǫ∗νβAIµαA∗Iνβ. (4.15)
Polarization effects of an incident graviton beam are determined by replacing ǫµαǫ∗νβ in
Eq. (4.15) by the covariant density matrix ρµα:νβ in Eq. (4.13).
On the other hand, the scattering amplitude for a graviton production is in general
written as
MF(λ) = ǫ∗µν(p, λ)AµνF . (4.16)
Then the final spin-2 polarization density matrix ρλλ′ is determined through the relation
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ρλλ′ =
MF(λ)M∗F(λ′)∑
λλ′ MF(λ)M∗F(λ′)
. (4.17)
After such manipulation, Eq. (4.11) is used to obtain the final graviton STP.
In the following we present the differential cross sections in a 2× 2 matrix form in order
to consider the beam interference effects and to relate directly those expressions with the
final polarization density matrices through the relation (4.17).
A. Graviton conversion into a photon
In this subsection, we use the factorized amplitudes for the processes gX → γX obtained
in Sec. III A in order to consider the polarization effects. Since those processes have the
amplitude Mγs→Y s as a common factor, it is obvious that the polarization effects of the
initial graviton beam should be identical to those of the initial photon beam in the process
γX → γX.
1. gs→ γs
First of all, we consider the simplest process gs→ γs. Following the procedure described
before, we obtain the differential cross section of the process gs→ γs in a 2×2 matrix form
as
dσγs
dt
(λλ′) =
πααg
4
(su−m4)
(s−m2)2t
(
F γs0 +
3∑
i=1
F γsi χi
)
λλ′
, (4.18)
F γs0 = 1 + 2f + 2f
2 + 2f(1 + f)ξg3 , F
γs
1 = (1 + 2f)ξ
g
1 ,
F γs2 = (1 + 2f)ξ
g
2 , F
γs
3 = (1 + 2f + 2f
2)ξg3 + 2f(1 + f), (4.19)
where we have introduced the notations
α =
e2
4π
, αg =
κ2
4π
, f = −m
2
2F
,
s = (p1 + k1)
2, u = (p1 − k2)2, t = (p1 − p2)2. (4.20)
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Here the χi (i = 1, 2, 3) are three 2× 2 matrices related with the Pauli matrices σi as
χ1 = −σ2, χ2 = σ3, χ3 = −σ1. (4.21)
Then the final photon STP can be obtained from Eq. (4.19) as
ξ′γi =
F γsi
F γs0
. (4.22)
The polarization of the final photon depends on that of the incident graviton in general.
One can now check that the final photon STP are identical to those of the initial graviton
beam in the massless case, i.e. ξ′γi = ξ
g
i (i = 1, 2, 3). This result is due to the fact that the
amplitude has not only the factor Mγs→Y s but also the factor Mγs→γs.
2. gf → γf
In the process gf → γf we can in principle consider the case where all the particles are
polarized. But in order to look into the implications from factorization to the polarizations,
it will be sufficient to consider the case where all the other particles except the final fermion
are polarized.
For notational convenience we first introduce the invariants
a1 =
(s1 · k1)
m
, a2 =
(s1 · k2)
m
, ǫ =
εµνρσs
µ
1k
ν
1p
ρ
1k
σ
2
m(s−m2) , (4.23)
where s1 is the incident fermion spin 4-vector and m is the fermion mass. ki and pi (i = 1, 2)
are defined in the same way as in Section. III.
The differential cross section of the process gf → γf is obtained in a 2× 2 matrix form
as
dσγf
dt
(λλ′) =
πααg
4
(su−m4)
(s−m2)2t
(
F γf0 +
3∑
i=1
F γfi χ
i
)
λλ′
, (4.24)
F γf0 = −h1 + 4f(1 + f)(1− ξg3)− 2f [(1 + 2f)a1 + a2] ξg2 ,
F γf1 = 2(1 + 2f)ξ
g
1 − 4fh2ǫξg2 ,
F γf2 = −(1 + 2f) [h1ξg2 + 2(1− ξg3)fa1]− 2
fa2
h2
ξg3 − 4fǫξg1 ,
F γf3 = −4f(1 + f) + 2 [1 + 2f(1 + f)] ξg3 + 2f [(1 + 2f)a1 + h2a2] ξg2 , (4.25)
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where in addition to f we introduce two Lorentz invariant functions
h1 =
s−m2
u−m2 +
u−m2
s−m2 , h2 =
s−m2
u−m2 . (4.26)
When averaged over the initial spin states, Eq. (4.24) gives the same results as in Ref. [7].
From the ratio of F γfi to F
γf
0 in Eq. (4.25) similar to Eq. (4.22), we can obtain the STP
of the final photon beam. We note that when the initial graviton STP are used in place of
the photon STP, the final photon polarization is identical to that [24] of the QED Compton
scattering process. This is a result expected from the factorization property. For the case
of massless and unpolarized fermion, we obtain the photon STP as
ξ′γ1 = −
(
2su
s2 + u2
)
ξg1 , ξ
′γ
2 = ξ
g
2 , ξ
′γ
3 = −
(
2su
s2 + u2
)
ξg3 . (4.27)
As a result, the degree of circular polarization is preserved despite scattering even in the
graviton-fermion scattering process. However, the degrees of linear polarization are reduced
according to the scattering angle.
3. gW → γW
In order to describe the process with all polarized particles, we have to introduce four
different sets of Stokes parameters. For simplicity, we consider the case where the initial and
final massive vector bosons are unpolarized. Then in a 2 × 2 matrix form, the differential
cross section of the process gW → γW is given by
dσγW
dt
(λλ′) =
πααg
12
(su−m4)
(s−m2)2t
(
F γW0 +
3∑
i=1
F γWi χ
i
)
λλ′
, (4.28)
F γW0 = 6(1 + ξ
g
3)f(1 + f) + 3 + 4h1 + 2h
2
1,
F γW1 = −3(1 + 2f)ξg1 , F γW2 = (1 + 2f)(5 + 4h1)ξg2 ,
F γW3 = 3(1 + 2f + 2f
2)ξg3 + 6f(1 + f). (4.29)
In the massless case where f=0, the final photon STP are shown to be
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ξ′γ1 = −
(
3
2h21 + 4h1 + 3
)
ξg1 , ξ
′γ
2 =
(
4h1 + 5
2h21 + 4h1 + 3
)
ξg2 , ξ
′γ
3 =
(
3
2h21 + 4h1 + 3
)
ξg3 .
(4.30)
Note that even in the massless limit the final photon helicity is not equal to the initial
graviton helicity.
B. Gravitational Compton scattering
In this subsection we consider polarization effects in elastic graviton scattering processes
gX → gX, by using the results obtained in Sec. III B. Since the factorization forces every
amplitude to have the amplitude Mγs→γs as a factor, the graviton helicity should be pre-
served when the particle X is massless. At first, we present the results in the massive case
and then discuss the massless limit to check graviton helicity preservation.
1. gs→ gs
The simplest one of elastic graviton-matter scattering processes is the graviton-scalar
scattering process gs→ gs. The differential cross section is written in a 2× 2 matrix form
as
dσgs
dt
(λλ′) =
πα2g
16
(
u−m2
t
)2 (
F gs0 +
3∑
i=1
F gsi χi
)
λλ′
, (4.31)
F gs0 =
1
2
(1 + 2f)2 + f 2(1 + f)2(1 + ξg3),
F gs1 =
1
2
(1 + 2f)(1 + f)2ξg1 , F
gs
2 =
1
2
(1 + 2f)(1 + f)2ξg2 ,
F gs3 =
1
2
(1 + 2f)2ξg3 + f
2(1 + f)2(1 + ξg3). (4.32)
We can see the difference in the polarization of the outgoing graviton from the polarization
of the outgoing photon in the process gs→ γs by comparison of Eq. (4.19) with Eq. (4.32).
When interacting gravitons are unpolarized, the differential cross section of the Eq. (4.31)
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gives the same results as in Ref. [15]. In the massless case, where f vanishes, we find that
ξ′gi = ξ
g
i (i = 1, 2, 3) as in the process gs→ γs so that graviton polarization is preserved in
spite of scattering.
2. gf → gf
The next simplest process is gf → gf . The differential cross section of a 2 × 2 matrix
form is given by
dσgf
dt
(λλ′) =
πα2g
16
(
u−m2
t
)2 (
F gf0 +
3∑
i=1
F gfi χi
)
λλ′
, (4.33)
F gf0 = −f(1 + f)(3h1 − 2)− h1 + 4f 2(1 + f)2(1 + ξg3)
−
[
(1 + 2f + 2f 2) {(1 + 2f)a1 + a2}+ 2(1 + 2f)ǫ
]
fξg2
F gf1 = 2
[
(1 + f)4 − f 4
]
ξg1 + 4(1 + f)f
2h2ǫξ
g
2 ,
F gf2 = −
[
(1 + 2f + 2f 2) {(1 + 2f)a1 + a2}+ 2(1 + 2f)h2ǫ
]
f
−(1 + 2f)
[
f 2h1 + (h1 − 2f)(1 + f)
]
ξg2
−2(1 + f)f 2
[
2ǫξg1 −
{
(1 + 2f)a1 +
a2
h2
}
ξg3
]
,
F gf3 = 4f
2(1 + f)2(ξg3 − 1) + 2(1 + 2f 2 + 2f 2)ξg3
+2f 2(1 + f) {(1 + 2f)a1 + h2a2} ξg2 , (4.34)
where the spin states of the final fermion are summed. When averaged over the initial spin
states, Eq. (4.33) gives the same results as in Ref. [7]. Then the STP of the outgoing graviton
can be obtained from the Eq. (4.34)
ξ′gi =
F gfi
F gf0
. (4.35)
One can see the polarization of the outgoing graviton is influenced by the polarization of the
incident graviton as well as incident fermion. In the massless case, the final graviton STP
reduce to
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ξ′g1 = −
(
2su
s2 + u2
)
ξg1 , ξ
′g
2 = ξ
g
2 , ξ
′g
3 = −
(
2su
s2 + u2
)
ξg3 , (4.36)
It is straightforward to show that graviton helicity is preserved in the massless case as in
the process gf → γf .
3. gW → gW
We consider only the case where the massive vector boson W is unpolarized. The differ-
ential cross section of the process gW → gW is written in a 2× 2 matrix form as
dσgW
dt
(λλ′) =
πα2g
6
(
u−m2
t
)2 (
F gW0 +
3∑
i=1
F gWi χi
)
λλ′
, (4.37)
F gW0 = 6f
4 + 12f 3 + 2f 2(h1 − 3)2 + 2f(h21 − 2h1 − 2) + (h21 − 1) + 6f 2(1 + f)2ξg3 ,
F gW1 = −3(1 + 4f + 6f 2 + 4f 3)ξg1 ,
F gW2 =
[
2f 2(2h1 + 1)(2f + 3)− 2f(h21 − 2h1 − 2) + (h21 − 1)
]
ξg2 ,
F gW3 = 6f
2(1 + f)2 + 3[f 4 + (1 + f)4]ξg3 . (4.38)
In the massless limit the final graviton STP become
ξ′g1 = −
(
3
h21 − 1
)
ξg1 , ξ
′g
2 = ξ
g
2 , ξ
′g
3 =
(
3
h21 − 1
)
ξg3 . (4.39)
Clearly graviton helicity is preserved in the massless case as shown in Eq. (4.39).
4. gγ → gγ
The differential cross section of the process gγ → gγ is written in a 2× 2 matrix form as
dσgγ
dt
(λλ′) =
πα2g
32s2
(
F gγ0 +
3∑
i=1
F gγi χi
)
λλ′
, (4.40)
F gγ0 =
1
2t2
[
(1 + ξg2ξ
γ
2 )s
4 + (1− ξg2ξγ2 )u4
]
, F gγ1 =
(
su
t
)2
ξg1 ,
F gγ2 =
1
2t2
[
(ξg2 + ξ
γ
2 )s
4 + (ξg2 − ξγ2 )u4
]
, F gγ3 =
(
su
t
)2
ξg3 , (4.41)
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where ξγi and ξ
g
i (i = 1, 2, 3) are the STP’s of the incident photon beam and the incident
graviton beam, respectively, and the final photon polarization is summed. When interacting
gravitons and photons are unpolarized, the differential cross section of the Eq. (4.40) gives
the same results as in Ref. [15]. Then the explicit form of the outgoing graviton STP can
be obtained as
ξ′gi =
F gγi
F gγ0
. (4.42)
Similarly, we can obtain the change of polarization of the photon colliding with a graviton.
After taking an average over the initial photon polarization, we obtain the final graviton
STP as
ξ′g1 =
(
2s2u2
s4 + u4
)
ξg1 , ξ
′g
2 = ξ
g
2 , ξ
′g
3 =
(
2s2u2
s4 + u4
)
ξg3 . (4.43)
We also find that the graviton helicity is preserved for the unpolarized incident and final
photon beams, but in general the final graviton STP depends on both initial photon and
graviton STP’s.
C. Graviton-Graviton scattering
In the elastic graviton-graviton scattering process, three-graviton vertices and a four-
graviton vertex are involved. Even though the vertices are so complicated as shown explicitly
in the Appendix, we obtain the very simple differential cross section of the process gg → gg
as
dσgg
dt
(λλ′) =
πα2g
32s4u2t2
(
F gg0 +
3∑
i=1
F ggi χi
)
λλ′
, (4.44)
F gg0 =
1
2
(1 + ξg12 ξ
g2
2 )s
8 +
1
2
(1− ξg12 ξg22 )(u8 + t8) + (ξg13 ξg23 + ξg11 ξg21 )u4t4,
F gg1 = (ξ
g2
1 u
4 + ξg11 t
4)s4,
F gg2 =
1
2
(ξg22 − ξg12 )(u8 − t8) +
1
2
(ξg22 + ξ
g1
2 )s
8, F gg3 = (ξ
g2
3 u
4 + ξg13 t
4)s4. (4.45)
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Here ξg1i (ξ
g2
i ) are the incident graviton STP with momentum k1(p1) and the polarization
of one of two final graviton beams is summed. When interacting gravitons and photons
are unpolarized, the differential cross section of the Eq. (4.44) gives the same results as in
Ref. [15]. In contrast to all the other processes under consideration in the present section,
the graviton helicity in the process gg → gg is not preserved. This reflects that the transition
amplitude contains neitherMγs→Y s norMγs→γs as a common factor, which can lead to the
graviton helicity preservation.
V. SUMMARY AND DISCUSSION
Gravitational gauge invariance and graviton transversality force the transition ampli-
tudes of four-body graviton interactions to be factorized;

Mgs→γs
Mgf→γf
MgW→γW


= −
√
αg
4α
F [Mγs→Y s]×


Mγs
Mγf
MγW


, (5.1)


Mgs
Mgf
MgW


=
αg
8α
F [Mγs]×


Mγs
Mγf
MγW


, (5.2)
Mgg = αg
8α
F [Mγv]× [Mγv] . (5.3)
The introduction of manifestly gauge invariant four-vectors ǫ˜i and ε˜i (i = 1, 2) renders
each amplitude expression simplified. This simplification with the factorization property
justifies why, with all the very complicated three-graviton and four-graviton vertices [15,16],
the final form of transition amplitudes is so simple.
The factorized transition amplitudes faciliate the investigation of polarization effects in
the four-body graviton interactions. The transition amplitudes for the graviton interactions
with a photon or a matter field, gX → γX, where X is a scalar, a fermion, or a vector boson,
have essentially the same transition amplitude structure as those involving a photon instead
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of the graviton, apart from a simple overall kinematical factor. As a result, the polarization
effects involving the graviton are identical to those for the corresponding photon if the
graviton Stokes parameters are used in place of the photon Stokes parameters. But the
kinematical factor makes the angular distribution of the graviton process different from that
of the corresponding photon process. On the other hand, the processes gX → gX have as
a common factor the elastic photon-scalar scattering amplitude Mγs with the scalar mass
equal to the X mass in their amplitude expressions. This leads to the conclusion that,
when the particle X is massless, the graviton helicity is preserved due to the photon helicity
conservation of the process γs → γs in the massless limit. Only the mass terms cause the
graviton helicity to be flipped.
The process gg → gg does not contain Mγs as a common factor. This point is reflected
in the fact that the graviton helicity is not preserved in the process gg → gg in spite of the
masslessness of graviton.
The validity of factorization can become more concrete through further extensive in-
vestigation. We point out a few aspects worth further investigating; (i) A formal proof of
factorization might be presented. There is a factorization property of the same type in closed
string theories [28]. From the fact that a closed string theory reduces to a supergravity the-
ory in the infinite string tension limit [29], one can conclude that this is a real proof of the
factorization in the linearized gravity. However, factorization in the string theory is due to
the independence of left-moving modes and right-moving modes, while only gravitational
gauge invariance and Lorentz invariance are imposed in the linearized gravity. Still, the re-
lationship between two concepts are to be established. (ii) Factorization is expected to hold
even if matter particles have different masses. As an example, the process ge→Wνe can be
considered to check this point. (iii) It will be an interesting question whether factorization
survives against any loop effects [30].
To conclude, factorization has such a generic property in any Lorentz-invariant gauge
theory that its more intensive and extensive investigation is expected to provide us with
some clues for the unification of gravity with other interactions.
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APPENDIX
In this appendix, we present all the Feynman rules for propagators and vertices needed
in the present work. The Landau gauge is chosen for the photon propagator and the de
Donder gauge for the graviton propagator. A dashed line is for a scalar and a directed solid
line for a fermion. A vector boson is denoted by a wiggly line and a graviton by a curly line.
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Feynman Rules
• Scalar propagator: ..... ..... ..... ..... .....
p
i
p2−m2
• Fermion propagator: ............................................
p
i
6p−m
• W boson propagator: ................................................µ ν
p
−i(ηµν− p
µpν
m2
)
p2−m2
• Photon propagator: ................................................µ ν
p
−iηµν
p2
• Graviton propagator: ........................................................................................µν αβ
p
i
2
ηµαηνβ+ηµβηνα−ηµνηαβ
p2
• ssγ vertex:
.......
.......
.......
.....
........
..... ...
µ
.......
.. .........
p1 p2
−ie(p1 + p2)µ
• ssγγ vertex:
........................................
.........
.............
..
........
.. .......
µ ν
2ie2ηµν
• ffγ vertex:
.......
.......
.......
.....
.................
...............
µ
−ieγµ
.... ......
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• WWγ vertex: .........
.......
.......
...
.........
.........
.............
................................
µ
........... k
......... ....
.....
p1 p2
W−α W
+
β
−ie[(p1 − p2)µηαβ
+(p2 − k)αηµβ
+(k − p1)βηαµ]
• WWγγ vertex:
.......................................
.........
.............
.
.........
.........
............
................................
µ ν
W−α W
+
β
−ie2(2ηµνηαβ − ηµαηνβ − ηµβηνα)
• ssg vertex: ............
..........
........
........
........
.. ... ...
µν
.........
... .........
p1 p2
i
2
κ[ηµν(p1 · p2 −m2)
−p1µp2ν − p1νp2µ]
• ssgg vertex:
................................................
..........
.........
.........
.........
....
.......
.. ... ...
µν λκ
.......
.. ............
p1 p2
i
4
κ2[(ηµνηλκ − ηµληνκ − ηµκηνλ)(p1 · p2 −m2)
+ηνλ(p1µp2κ + p1κp2µ) + ηµκ(p1λp2ν + p1νp2λ)
+ηµλ(p1νp2κ + p1κp2ν) + ηνκ(p1λp2µ + p1µp2λ)
−ηµν(p1λp2κ + p1κp2λ)− ηλκ(p1µp2ν + p1νp2µ)]
• ffg vertex: ............
.........
.........
.......
.
...............
...............
µν
.........
............. ......
p1 p2
i
8
κ[2ηµν( 6 p1+ 6 p2 − 2m)
−(p1 + p2)µγν − γµ(p1 + p2)ν ]
• ffgg vertex:
..................................................
.........
..........
.........
........
.....
..............
...............
µν λκ
.......
.. ............. ......
p1 p2
iκ2[Sym][Per][ 3
16
ηµλγκ(p1 + p2)ν
+ 1
16
ηµλk2νγκ +
1
32
ηµλ 6k2(γκγν − γνγκ)]
Here [Sym] represents symetrization between µ and ν and between λ and κ
while the symbol [Per] indicates permutation among both (k1µν) and (k2λκ).
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• WWg vertex:
.......
...........
..........
..........
..
.........
.........
............
..............................
λκ
.........
... .........
p1 p2
W−µ W
+
ν
− i
2
κ[ηλκηµν(p1 · p2 −m2)− ηλκp1νp2µ
+ηκµp1νp2λ − ηµνp1κp2λ + ηλνp1κp2µ
−ηκµηλν(p1 · p2 −m2) + ηκνp1λp2µ
−ηµνp1λp2κ + ηλµp1νp2κ
−ηκνηλµ(p1 · p2 −m2)]
• WWgg vertex:
.................................................
.........
..........
.........
.........
.....
.........
.........
...........
...............................
λκ ρσ
.........
............
p1 p2
W−µ W
+
ν
− i
4
κ2[(ηλκηρσ − 2ηλρηκσ)(ηµν(p1 · p2 −m2)− p1νp2µ)
−ηλκ(Tµνρσ + Tµνσρ)− ηρσ(Tµνλκ + Tµνκλ)
+2ηκρ(Tµνλσ + Tµνσλ) + 2ηλσ(Tµνρκ + Tµνκρ)
+2(ηρµηνσp1λp2κ − ηµληνσp1ρp2κ − ηµρηνκp1λp2σ
+ηµσηνρp1κp2λ − ηµκηνρp1σp2λ − ηµσηνλp1κp2ρ
+ηµληνκp1ρp2σ + ηµκηνλp1σp2ρ)]
where
Tµνρσ = ηµνp1ρp2σ − ηµρp1νp2σ
−ηνσp1ρp2µ + ηµρηνσ(p1 · p2 −m2)
• ssγg vertex:
....................................................
.........
.........
.......
........
...... ....
µν α
.......
.. .........
p1 p2
i
2
eκ[ηµν(p1 + p2)α
−ηαµ(p1 + p2)ν
−ηαν(p1 + p2)µ]
• ffγg vertex:
.....................................................
.........
.........
.....
..............
................
µν α
.... .....
− i
4
eκ[2ηµνγα − ηαµγν − ηανγµ]
• WWγg vertex:
......................................................
.........
.........
......
.........
.........
............
..............................
µν α
W−ρ W
+
σ
.....
.......
.....
......
.........
p1 p2
k2
i
2
eκ[ηµν(ηρσ(p1 + p2)α − ηασp2ρ − ηαρp1σ)
−ηρσ((p1 + p2)µηνα + (p1 + p2)νηµα)
−(p1 + p2)α(ηµσηνρ + ηνσηµρ)
+ηαρ[(p1 + k2)µηνσ + (p1 + k2)νηµσ]
+ηασ[(p2 − k2)µηνρ + (p2 − k2)νηµρ]
+(p1 + k2)σ(ηµαηνρ + ηναηµρ)
+(p2 − k2)ρ(ηµσηνα + ηνσηµα)]
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• ggg vertex:
.......
...........
..........
..........
..
........
..........
.........
..........
.........
..............................................
µα
...........
.......
..
.....
....
k1
k2 k3
νβ σγ
iκ [Sym][1
2
P6(k1 · k2ηµαηνσηβγ)
−P3(k1σk2γηµνηαβ)− 2P3(k1 · k2ηανηβσηγµ)
+1
2
P3(k1 · k2ηµνηαβησγ) + P6(k1σk2µηανηβγ)
−1
4
P3(k1 · k2ηµαηνβησγ)]
• gggg vertex:
................................................
..........
.........
..........
.........
.....
........
..........
.........
.........
.........
..............................................
µα νβ
............
............
........... .........
k1 k2
k4 k3
ρλ σγ
iκ2[Sym][1
4
P6(k1 · k2ηµνηαβησγηρλ)
+2P12(k1σk2γηµνηαρηβλ)− 12P6(k1 · k2ηµνηαβησρηγλ)
−4P12(k1σk2µηανηβρηγλ) + 12P24(k1σk2µηανηβγηρλ)
−P12(k1 · k2ηµνηασηβγηρλ) + 4P6(k1 · k2ηµνηασηβρηγλ)
−P12(k1 · k2ηµσηαγηνρηβλ) + 2P6(k1 · k2ηµσηαρηνγηβλ)
−1
2
P12(k1σk2γηµνηαβηρλ) + P12(k1σk2ρηµνηαβηγλ)
−2P12(k1σk2ρηµνηαγηβλ) + 14P24(k1 · k2ηµαηνσηβγηρλ)
−1
2
P24(k1 · k2ηµαηνσηβρηγλ) + 12P24(k1βk2σηµαηνρηγλ)
−P6(k1νk2µηαβησρηγλ)− 18P6(k1 · k2ηµαηνβησγηρλ)
+1
2
P6(k1 · k2ηµαηνβησρηγλ)]
Here the symbol [Sym] means symmetrization between µ and α, between ν and β, and
between σ and γ, respectively, for the 3-graviton vertex, or between µ and α, between ν
and β, between σ and γ, and between ρ and λ, respectively, for the 4-graviton vertex.
The P indicates permutation among (k1µα), (k2νβ), (k3σγ) for the 3-graviton vertex, or
among (k1µα), (k2νβ), (k3σγ), and (k4ρλ) for the 4-graviton vertex, and each subscript in
P is for the number of independent permutations. As an example, P3(k1 · k2ηµνηαβησγ) =
(k1 · k2)ηµνηαβησγ + (k2 · k3)ηνσηβγηµα + (k3 · k1)ησµηγαηνβ .
39
REFERENCES
[1] D. Z. Freedman, P. van Nieuwenhuizen, and S. Ferrara, Phys. Rev. B13, 3214 (1976);
S. Deser and B. Zumino, Phys. Lett. 62B, 335 (1976); S. Ferrara, J. Scherk, and P. van
Nieuwenhuizen, Phys. Rev. Lett. 37, 1035 (1976); S. Ferrara, F. Gliozzi, J. Scherk, and
P. van Nieuwenhuizen, Nucl. Phys. B117, 333 (1976); P. van Nieuwenhuizen, Phys. Rept.
68, 189 (1981).
[2] M. B. Green, J. H. Schwarz, and E. Witten, Superstring Theory (Cambridge University
Press, Cambridge, England, 1987), and references therein.
[3] R. P. Feynman, Lectures on Gravitation (Caltech Notes, Pasadena, 1962); S. Weinberg,
Phys. Lett. 9, 357 (1964); Phys. Rev. 135, B1049 (1964); 138, B988 (1965); S. Deser,
Gen. Relat. Gravit. 1, 9 (1970); D. G. Boulware and S. Deser, Ann. Phys. (N.Y.) 89, 173
(1975).
[4] S. N. Gupta, Proc. Phys. Soc., London, A 65, 161, 608 (1952); Phys. Rev. 96, 1683
(1954); B. M. Barker, M. S. Bhatia, and S. N. Gupta, ibid. 182, 1387 (1969).
[5] Yu. S. Vladimirov, Zh. Eksp. Teor. Fiz. 45, 251 (1963) [Sov. Phys. JETP 18, 178 (1964)].
[6] V. N. Mironovskiˇi, Zh. Eksp. Teor. Fiz. 48, 358 (1965) [Sov. Phys. JETP 21, 236 (1965)].
[7] N. A. Voronov, Zh. Eksp. Theor. Fiz. 64, 1889 (1973) [Sov. Phys. JETP 37, 953 (1973)].
[8] S. Y. Choi, Jungil Lee, J. S. Shim, and H. S. Song, Phys. Rev. D 48, 769 (1993).
[9] S. Y. Choi, J. S. Shim, and H. S. Song, Phys. Rev. D 48, 2953 (1993).
[10] S. Y. Choi, J. S. Shim, and H. S. Song, Phys. Rev. D 48, R5465 (1993).
[11] K. O. Mikaelian, Phys. Rev. D 17, 750 (1978); K. O. Mikaelian, M. A. Samuel, and
D. Sahdev, Phys. Rev. Lett. 43, 746 (1979); T. R. Grose and K. O. Mikaelian, Phys. Rev.
D 23, 123 (1981).
[12] C. J. Goebel, F. Halzen, and J. P. Leveille, Phys. Rev. D 23, 2682 (1981).
40
[13] Z. Dongpei, Phys. Rev. D 22, 2266 (1980).
[14] S. J. Brodsky and R. W. Brown, Phys. Rev. Lett. 49, 966 (1982); R. W. Brown, K.
L. Kowalski, and S. J. Brodsky, Phys. Rev. D 28, 624 (1983).
[15] F. A. Berends and R. Gastmans, Nucl. Phys. B 88, 99 (1975).
[16] B. S. DeWitt, Phys. Rev. 162, 1239 (1967).
[17] Jungil Lee, J. S. Shim, and H. S. Song, Preprint No. SNUTP 94-105 (submitted to Com-
put. Phys. Commun.).
[18] S. Weinberg, Garvitation and Cosmology : Principles and Applications of the General
Theory of Relativity (Wiley, New York, 1972), Chap 10; C. W. Misner, K. S. Thorne, and
J. A. Wheeler, Gravitation (Freeman, San Francisco, 1973).
[19] R. P. Woodard, Phys. Lett. 148B, 440 (1984); H. T. Cho and K. L. Ng, Phys. Rev. D
47, 1692 (1993).
[20] D. Gross and R. Jackiw, Phys. Rev. 166, 1287 (1968).
[21] See, e.g., S. F. Novaes and D. Spehler, Phys. Rev. D 47, 2432 (1993), and references
therein.
[22] S. Sannan, Phys. Rev. D 34, 1749 (1986).
[23] P. de Causmaecker et al., Phys. Lett. B 105, 215 (1981); J. F. Gunion and Z. Kunszt,
ibid. B 161, 333 (1985); R. Kleiss and W. J. Stirling, Nucl. Phys. B262, 235 (1985);
R. Gastmans and T. T. Wu, The Ubiquitous Photon : Helicity Method for QED and QCD
(Oxford, Clarendon, 1990); M. L. Mangano and S. J. Parke, Phys. Rept. 200, 307 (1991).
[24] V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii, Relativistic Quantum Theory
(Pergamon, Oxford, 1979), Part I; I. F. Ginzburg, G. L. Kotkin, S. L. Panel, V. G. Serbo,
and V. I. Telnov, Nucl. Instr. and Meth. 219, 5 (1984);
41
[25] M. T. Grisaru, P. van Nieuwenhuizen, and C. C. Wu, Phys. Rev. D 12, 397 (1975); M.
T. Grisaru, H. Pendleton, and P. van Nieuwenhuizen, Phys. Rev. D15, 996 (1977);
[26] Jinhyuk Choi, S. Y. Choi, S. H. Ie, H. S. Song, and R. H. Good, Jr., Phys. Rev. D 36,
1320 (1987); S. Y. Choi, Taeyeon Lee, and H. S. Song, ibid. D 40, 2477 (1989).
[27] S. Y. Choi, Jungil Lee, J. S. Shim, and H. S. Song, J. Korean Phys. Soc. 25, 576 (1992).
[28] H. Kawai, D. C. Lewellen, and S.-H. H. Tye, Nucl. Phys. B269, 1 (1986).
[29] J. Scherk and J. H. Schwarz, Nucl. Phys. B81, 118 (1974); Phys. Lett. 57B, 463 (1975);
F. Gliozzi, J. Scherk, and D. Olive, Phys. Lett. 65B, 282 (1976); Nucl. Phys. B122, 253
(1977).
[30] For recent related works, see, for example, J. F. Donoghue, Phys. Rev. Lett. 72, 1996
(1994); Phys. Rev. D 50, 3874 (1994), and references therein.
42
FIGURE CAPTIONS
Fig. 1 Feynman diagrams for the gluon-gluon scattering process GaGc → GbGd. The wavy
line represents a gluon but not a photon.
Fig. 2 Feynman diagrams for the process gX → γX. The curly line is for a graviton and
the wavy line for a photon. Here, X, represented by a solid line, can be a scalar s, a
fermion f , or a vector boson W .
Fig. 3 Feynman diagrams for the process gX → gX. The curly line is for a graviton. X,
denoted by a solid line, can be a scalar s, a fermion f , or a vector boson W .
Fig. 4 Feynman diagrams for the process gg → gg. The curly line is for a graviton.
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